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NON-LINEAR DYNAMICS OF A CONSERVATIVE SYSTEM DEGENERATING
INTO A SYSTEM WITH A SINGULAR SET*

R.F.NAGAYEV and V.N. PILIPCHUK

A non-linear dynamical system with an arbitrary (but finite)
number of degrees of freedom, which has a singular set in the
degenerate case - a manifold of codimension one, is investigated. The
characteristic feature of such systems, which describe the dynamics of
various elastic flexible constructions, is that the degenerate system
remains essentially non-linear of the same dimensions as the original
system. This impedes direct construction of an asymptotic solution
with respect to a suitable small parameter. As will be shown, the
construction can be accomplished after some preliminary
transformations, based on the idea of presenting the motion of the
system as a drift of a localized region of high-frequency oscillations
over the singular set, deviating from that set in the normal direction
only.

The theory is illustrated by treating the problems involved in the
oscillations of a thin-walled shallow arch and an elastic circular
ring.

We consider mechanical systems described by a Lagrangian of the following

form:
L=T—-T ()
T =122 I = Y,f? (z) -+ D (2)
=2y ... Tn) (2)

where e2< 1 is a parameter and f(z} and @ (2} are holomorphic functions, the first of which
has the property that the set

M, = {z: f{g) = 0} 3

is an(n — 1)-dimensional manifold in A",

Such situations arise, for example, when one is investigating the dynamics of certain
flexible elastic structures that may undergo large displacements in reaction to small
relative deformations. In such cases the manifold My corresponds to the continuous set of
equilibrium modes of the degenerate (absolutely flexible) structure /1, 2/.

Direct construction of solutions of the equations of motion corresponding to (1) and (2}
is difficult, and in fact the smallness of the parameter e is at first sight useless, since
the degenerate system {¢ = 0) remains essentially non-linear and of the same dimensions as the
non-degenerate system. Moreover, analysis of the expression II in (2) shows that, if the
energy 1is given, the effect of the non-linearity increases as & decreases. This is in
agreement with common conceptions of the dynamics of flexible structures: if the energy of
the oscillations is fixed, their amplitudes are higher the more flexible the structure.

We will reduce the system to a form that is easier to handle by standard methods; this
will be done via a certain coordinate transformation.

Lety = (y1, . . ., Yo) be an arbitrary point of M;: f(y)==0. We shall assume that at least a
sufficiently large part of the manifold admits of a parametrization in terms of a curvilinear
orthogonal coordinate system s = {5;, . . .y Sp—q)t

dy dy dy; Y

y=yls) Fsy s B5, 0%

=§u5, a,ﬁ.—_‘l,...‘n—i

where 8,5 is the Kronecker delta and repeated indices indicate summation.
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Let n{s) = (ny, ..., n,) denote the unit vector normal to My -at the point y(s):
% ]
SR I B .
W ay, oy, By,
&) '

i=1,....n

13 K
Let us assume that the coordinate § normal to M; is such
that the relationship of the coordinates (s. %) to the original
o A coordinates {(Cartesian in R") is as follows (Fig.l):

Fig.1 z=y-+nk y=y@k) n=n) (4)

Then the expression for the kinetic energy (2) in the new coordinates is

T =/, (B3 -+ 2mapk + nopl?) so'sp’ + /87
1 oy, On; dy, éon; on, On,
Flap = 3 ( 85, sy Bsy O3y ) s Tlap = s, Osg
For velocities s, we have generalized momenta
Pa = 0T [0s = 55" + (2mapk -+ napl?®) sp°

Conversely, $§, can be expressed in terms of the momenta by expanding in powers of §
(throughout, § is assumed to be sufficiently small)

Sy’ = Pg — 2EMusbg — E,anxﬁpﬁ e

Rof == Hap — 4MgyMys, T=1,...,0—1

To transform to a standard system with one rapidly rotating phase,
function R = puse — T + 11.

Suppose the energy of the system is of the order of g2 Then it follows from (2)
the trajectories of the motion will lie in a certain neighbourhood of M;
deviations § of order e.

Expanding II (see (2)) in powers of § and applying the following scale transformation of
variables

we use the Routh

that
with normal

§ = g, pu = &g (R = &R)
we obtain

R o= (=Yl + Ygod? 4 Yy + Uy + eU® +

U™ - ) (5)
U(l) = (Ul + V1§2 — mmﬂ"arﬂ) ¢ U® = (Uz -+ V2§2 - l/sn;ﬂrarﬁ) I
o o N a7
Vyi(s) = = nny Fov; Vals) = 5 [nini 7,05, ] +
[ i
& Gy ay; 0y, "

a0

a0 1
Usl)=D@), Usls) =m5—» Uy(s)= 7 M Ty,

System (5) is Lagrangian with respect to the normal coordinate { and Hamiltonian with
respect to the variable s,, ry. The corresponding equations of motion are

. U U@
2 2 7" . R
{40 t-e 3T 3 P + . 0
. U U
Py 2
sa_s(ra-{«e o, + & ar +>
. 0 g I e g U
l"a-———s(m 9sq, £ O, +e as,, +e 0Osg, +) (6

At the initial time the new variables stand in the following relation to the old ones:

t=0,§=¢eb(z; —y)n, L =ela/m
1 . Py . dy, On; 6y]. R
r¢=-—8—(ri asa—"SSE(;—d_s(;_é};IJ“{

==

Iy, (s)
e —yi (M —5,—
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where, in view of the assumed order of magnitude of the energy, the right-hand sides of the
equations for §,[,re are of the order of unity, and the last equation yields a system of

equations for the initial values of the coordinates s,, a=1,...,n—1.
We now introduce action-angle variables (I — ¢):
t=V2jocosy, [ =—V2losing (7N

In view of the relation

. o . dw UM
(D———EL—SQ .—e—a?a—(ra-}—e ﬁru -I-...)
we finally obtain a system with one fast phase:

1)
—m+e(aU —e Jo sm2cp)+

20 0s
(=it )
I.=_a(ag:> _“,) : racoSZcp)—ez( g:) _
= aaurm °°52‘P)*"" Sa’ = ere + ¢ "g:) +. ®)

. a U
Tg = —8& ( I+ +—as%lcos2(p)—e2 il

Uu)=A1(I' s,r)cos @ + By (I; s) cos 3¢
U® = A, (I;5,7) + By(I; 5, 1) cos 2¢ - Cy (I; 5) cos 4p

21 T
=V—m——(U1+—2TV1—mabrarﬁ), B1= _Z_Q)TVI

I 31 1
Az = T(Ua -+ —Z)—Vz——z—nagrarﬁ)

6(/0

I 21 1. rv
32=T(Uz +Tvz"2—naﬁrarﬁ>v Cy= 57~

(evaluation of the derivatives §'/ds, does not require differentiation of the variable ().
After applying Bogolyubov's averaging procedure /3, 4/ to Egs.(8), we obtain a system
in which the fast phase does not occur on the right (two approximations):

T =0+ 82{%—— -;T—g;T(Alz"l' B —
S (] o

I'=0(%), 54 =¢tig+0(), Fo =—ed({0~+ Uyd5s+ O (ed)

The new variables (§,I;5,,7,) are related to the old ones by the formulae

34
7 Sin® + a]

(P=(P+% cosZ(p)—i—O(ez)

,—\

7 — - I a
I=[——27(Alcosq>+B,cos3(p— TS a_ rasm2tp)+0(s~)

Sq = 8o -+ O (g?), razr"a——eTIw—-%—sm&p—i—O(ez)

Thus, the original conservative system, perturbed by a quantity of the order of e?, can
be reduced to a ""quasilinear" system and studied by asymptotic expansion in powers of .

It should be noted that since dw/dsy 5= 0, the transformation (7) is not canonical. The
structure of Egs.(8) is therefore faulty. The essential point is that in the type of
problem under consideration it seems impossible to derive exact Hamiltonian equations with
one fast phase and the other variables slowly varying. It is all the more significant that
up to quantities of the order of &? the new action variable | in the averaged system (9) is
an adiabatic invariant, while the equations for §, and 7, have a canonical structure and
therefore have a first integral

YoFa? + Te + Uy=h (h = const) (10)

If the system has two degrees of freedom, the manifold M; of (3) is a curve in the
coordinate plane z,r,, so that there remains only one coordinate 5, = S; using (10) one can
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express the latter by quadrature as a function of time:

8

as .
== BF) © = et 11
STl e § =8k 5

o

[

Thus, in the case of two degrees of freedom the problem of integrating the equations of
motion reduces to evaluation of an integral.

Example 1. The equation of the free non-linear oscillations of a thin-walled shallow
arch when ends clamped /5/ may be written, after an appropriate scale transformation of the
variables, as

Lidid 84 (W — W) laid
31 +¢ 3 r_p 2

"
i S 3 Wy \2 {1 ET
P= S[(an)"( an ”d“* =7 4,
il

=0 O<y<w

where ¢ is a parameter representing the lifting power of thke arch, P is the thrust, W{n,
is the coordinate of the elastic curve, measured in fractions of ¢t 1is a time parameter.
For a two-hinged sinusoidal arch, putting

Wy = —sin 1, W= x; (1) sin n -+ 2, (v} sin 2y
we obtain a coupled system of two non-linear equations in the coefficients of the first two
arch modes:
Bz it + 8 (zy 4+ 1)+ Yo (o2 4 a2 — 1)1 = 0
Brfdnt + 16822, + (m? + by — 1) 2, = 0

where the coefficient of the linear terms is a small parameter, so that direct construction
of an asymptotic solution is a difficult task.

In the plane of the frist two modes, expressions for the kinetic and potential energy
of the elastic deformations are easily determined from the form of the equations of motion:

T == Yy {22 + 2, =dldn), 11 = Y2 + 20 (12
F=Y Y 3t + 4o — 1), @ = Y, (z; -+ 12+ 8a?

The manifold f{(z, z,)=0 is in this case an ellipse in the =zz, coordinate plane - the
locus of configurations of the arch with no extension-compression deformations of the
central curve. Displacement along this ellipse corresponds to pure deflections of the arch.

Expressing the equation of the ellipse as

oy = =088, =y, = Yp3in b

we obtain o= [¥; (1 -+ 3sin? 0)]%, 252 = Y,0%8%. Eq.{(11l) becomes

w 46

F(8) = lo®) + Y2 (5 —2cos b — 3 cos? &)
The quantities necessary for the computation may be written as
1
Uy = %(iﬁwnosﬁ-—- 15c088), Uq :—‘W(Sé — 83 cos? B)

T 1
Vi= Ig(';(iﬁ -8 cos?8), V= oy (48 — 15 cos® B)2

Fig.2 shows curves of 7 (8) ;E’o(curve 1), @ (8 (curve 2, cos 6% = 1/, For I+ 0 -onehas 7 () =F () }7M0+

Tw (8), and hence it follows that the high~frequency oscillations associated with
extension-compression deformations (the term JFe in the expression for F (8) increase the
potential barrier between the initial (8=0) and "reversed” (8§ = equilibrium positions of
the arch and therefore make the arch more stable to buckling. We emphasize that we are
concerned here with thin-walled arches (s2<£€1), 1in which buckling is accompanied by bulging
of skew-symmetric form.
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Example 2. Consider a thin-walled circular ring. Within

g 7 the limits of flat-shell theory, the equation of the free
oscillations of the ring may be written as
|
2 T
!
; 2 oW W oMW
/__// h\lf\ 7o =P (G ~1) =0 O<<
] 1 1 /oW \2
| e P=gr§ [ (5 )] on
V] x & z °
2
Fig.2

where the parameter e is proportional to the relative thickness of the ring; W is measured
along the outer normal from the non-deformed position of the central curve.
Setting

W=z + [/51:2 cos 2n

and proceeding as in the previous example, we obtain (12) with
f= 2y + 22,2, ©® = 8z,%

Thus, the manifold M;in this problem is a parabola in the zz; plane. The position of
a point on the parabola is uniquely defined by the coordinate y,, in terms of which we
express the quantities needed for the computation:

o= (1 + 16y,%)"7, dS? = w?dyy?

Ys
o (ys) dys
— 2t g, F =1 By,?
VSO Vit=F wl & (¥2) = Tw - By,
. 512

128 3
Ur=—Gv Us=—g v Vi=—( v’ Vi=—grut

We remark that a ring, unlike an arch, cannot buckle, and the effect of high-frequency
oscillations with extension and compression of the central curve is merely to increase the
effective flexural stiffness of the ring.
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